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DIVISORIAL ZARISKI DECOMPOSITION AND SOME 
PROPERTIES OF FULL MASS CURRENTS 

E. DI NEZZA, E. FLORIS, AND S. TRAPANI 


Abstract. Let a be a big class on a compact Kahler manifold. We prove 
that a decomposition a = an +02 into the sum of a modified nef class a\ and 
a pseudoeffective class 02 is the divisorial Zariski decomposition of a if and 
only if vol(a) = vol(ai). We deduce from this result some properties of full 
mass currents. 
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Introduction 

The study of the Zariski decomposition started with the work of Zariski }Zar62] 
who defined it for an effective divisor in a smooth projective surface. Fujita ex¬ 
tended the definition to the case of pseudoeffective divisors E- Due to the 
importance of the Zariski decomposition for surfaces, several generalizations to 
higher dimension exist (see [P] for a survey of these constructions). The divisorial 
Zariski decomposition for a cohomology class a on a Kahler manifold has been 
introduced by Boucksom in |Bou04] . If a is the class of a divisor on a projective 
manifold, the divisorial Zariski decomposition coincides with the u-decomposition 
introduced by Nakayama [Nj. The divisorial Zariski decomposition is a decom¬ 
position 

a = Z(a) + {N(a)} 

into a “positive part”, the Zariski projection Z(a), whose non-nef locus has codi¬ 
mension at least 2, and a “negative part” (IV(a)} which is the class of an effective 
divisor and is rigid. The class Z(a) encodes some important information about 
a: Z(a) is big if and only if a is and vol(a) = vol (Z(a)). 

In this note we give a criterion for a sum of two classes to be a divisorial Zariski 
decomposition. Our main result is: 
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Main Theorem. Let X be a compact Kahler manifold of complex dimension 
n. Let a be a big class on X. Let a± E H 1,1 (X, M) be a modified nef class and 
«2 £ iL 1,1 (X, M) be a pseudoeffective class. Then a = oq + 02 is the divisorial 
Zariski decomposition of a if and only if vol(o) = vol(ai). 

The relations between the Zariski decomposition of numerical classes of cycles 
on a projective variety and their volume have been largely studied recently in a 
series of papers m eli, eel]. The Main Theorem also goes in this direction: 
for instance, if X is projective and a = {D} is the class of a big divisor, we 
recover m Proposition 5.3] for cycles of codimension 1. 

Our proof relies deeply on a result of existence and uniqueness of weak solutions 
of complex Monge-Ampere equations. 

On the other hand the proof in m uses the differentiability of the volume 
function /(f) = vol(a + t{D}), known at the moment to be true only in the 
algebraic case. In Remark 12.31 we present a proof of the Main Theorem using the 
differentiability of the volume. As it is proved by Xiao [Xiaol Proposition 1.1] , the 
differentiability of the volume is equivalent to the following quantitative version 
of a Demailly’s conjecture |BDPPl Conjecture 10.1], that states as follows: 

Let X be a compact Kahler manifold of complex dimension n, and let a, (3 E 
M) be two nef classes. Then we have 

vol(cc — /3) > a n — Ha”" 1 • (3. (0.1) 


We then show that the Main Theorem is strictly related to the invariance of 
finite energy classes under bimeromorphic maps. More precisely, in Theorem 13.51 
we show that finite energy classes are inviariant under a bimeromorphic map 
if and only if the volumes are preserved. This extends to any dimension [DNl 
Proposition 2.5] where a similar statement is proved in dimension 2 by the first 
named author using the Hodge index theorem. 

We now give a brief outline of this note. Section 1 reviews background material 
on the divisorial Zariski decomposition and currents with full Monge-Ampere 
mass. In Section 2 we prove the Main Theorem and in Section 3 we give some 
applications to full mass currents. In particular we prove Theorem 13.51 

Acknowledgement. We would like to thank Sebastien Boucksom for several 
useful discussions on the subject and for communicating us the proof in Remark 
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1. Preliminaries 

Let ( X,uj ) be a compact Kahler manifold of complex dimension n and let a E 
R) be a real (1, l)-cohomology class. Recall that a is said to be pseudo¬ 
effective if it can be represented by a closed positive (1, l)-current T; a is nef if 
and only if, for any e > 0 there exists a smooth form 6 e E a such that 0 £ > —ecu; 
a is big if and only if it can be represented by a Kahler current, i.e. if and only 
if there exists a positive closed (1, l)-current T E a such that T > ecu for some 
e > 0 and a is a Kahler class if and only if it contains a Kahler form. 
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Given a smooth representative 9 of the class a, it follows from 95-lemma that 
any positive (1, l)-current can be written as T = 9 + dd c <p where the global 
potential p is a 9-psh function, i.e. 9 + dd c p > 0. Here, d and d c are real 
differential operators defined as 

d := d + 8, d c := (5 - d) . 

Z7T V 7 

Let T be a closed positive (1, l)-current. We denote by n(T, x) (resp. n(T, D )) 
its Lelong number at a point x G X (resp. along a prime divisor D ). We refer 
the reader to jDernj for the definition. 

There is a unique decomposition of T as a weakly convergent series 

T=R+j2^m 

i 

where: 

(i) [Dj\ is the current of integration over the prime divisor Dj C X, 

(ii) A j := v{T,Dj) > 0, 

(iii) R is a closed positive current with the property that codim E C (R) > 2 for 
every c > 0. 

Recall that 

E C {R) := {x G X : u(R,x) > c} 

and that this is an analytic subset of X by a famous result due to Siu (Siuj . 

Such a decomposition is called the Siu decomposition of T . 

1.0.1. Analytic and minimal singularities. A positive current T = 9 + dd c ip is 
said to have analytic singularities if there exists c > 0 such that locally on X, 

N 

<P= 7^ lo g^l fjf +U ’ 

3 =1 

where u is smooth and /i,..., /at are local holomorphic functions. 

If T and T' are two closed positive currents on X, then T' is said to be less 
singular than T if their local potentials satisfy (p < <p' + 0(1). 

A positive current T is said to have minimal singularities (inside its cohomology 
class a) if it is less singular than any other positive current in a. Its 0-psh 
potentials ip will correspondingly be said to have minimal singularities. 

Such 0-psh functions with minimal singularities always exist, one can consider 
for example 

Vo := sup {p 0-psh, p < 0 on A'} . 

1.1. Big and Modified nef classes. 

Definition 1.1. If a is a big class, we define its ample locus Amp (a) as the 
set of points x € X such that there exists a Kdhler current T £ a with analytic 
singularities and smooth in a neighbourhood of x. 
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The ample locus Amp (a) is a Zariski open subset, and it is nonempty thanks 
to Demailly’s regularization result (see |Bou04j ). 

Observe that a current with minimal singularities T m ; n € a has locally bounded 
potential in Amp (a). 

Definition 1 . 2 . Let a be a big class. 

(1) Let T € a be a positive (1,1 )-current, then we set 

E+(T) := {x <E X : v{T,x) > 0}. 

(2) We define the non Kahler locus of a as 

E nk (a) :=n E+(T) 

T 

ranging among all the Kahler currents in a. 

By |Bou04l Theorem 3.lT(iii)] a class a is Kahler if and only if E nk (a) = 0. 
Moreover by [ Bouf)41 Theorem 3.17(h)] we have E nk {a) = X \ Amp (a). 

Definition 1 . 3 . We say that a is modified nef if and only if for every e > 0 
there exists a closed (1, 1 )-current T e G a with T e > —ecu and v(T e ,D) = 0 for 
any prime divisor D. 

We recall now an alternative and useful defintion of modified nef classes. 

Proposition 1 . 4 . (Bou04l Proposition 3.2] Let a € M) be a pseudoef¬ 

fective class. Then a is modified nef if and only if v(a : D) = 0 for every prime 
divisor D. 

We refer to [Bou04j for the defintion and properties of the minimal multiplicity 
v(a, D). 

1.2. The Divisorial Zariski decomposition. In this subsection we collect 
some basic results on the divisorial Zariski decomposition defined in [Bou04| . 
They can all be found in [Bou04j but we recall some statements widely used in 
this note. 

Let a € 77 1,1 (X, M) be a pseudo-effective class. The divisorial Zariski decompo¬ 
sition of a is defined as follows: 

Definition 1 . 5 . The negative part of a is defined as N(a ) := ^ z/(a, D)[D\, 
where D are prime divisors. The Zariski projection of a is Z(a) := a — (A^(a)}. 
We call the decomposition a = Z{a)+{N{a )} the divisorial Zariski decomposition 
of a. 

Properties. Let a = Z(a) + {AI(a)} be the divisorial Zariski decomposition of 
a. Then: 

(1) The class Z(a) is modified nef {Bou04l Proposition 3.8]. 

(2) N(a) is a divisor, i.e. there is a finite number of prime divisors D such 
that v(a,D) > 0 ]Bou04 . Proposition 3.12], 

(3) The set of modified nef classes is a closed convex cone and it is the closure 
of the convex cone generated by the classes where p : X — > X is a 
modification and a is a Kahler class on X [Boufl41 Proposition 2.3]. 






















DIVISORIAL ZARISKI DECOMPOSITION AND FULL MASS CURRENTS 


5 


(4) The negative part {-/V(a)} is a rigid class, i.e. it contains only one positive 
current Bond 1. Proposition 3.13]. 

(5) Let a be a modified nef and big class, D i,..., D & be prime divisors and 
Ai,..., Xk £ M + . Then Bond 1 . Proposition 3.18] 

N (a + ^2Xi{Di}) = J2>*[Di] 

i i 

if and only if Dj C E n ^(a) for any j. 

Proposition 1.6. [Bou04l Proposition 3.6(h)] Let a £ H 1,l (X, R) be a big class 
and let T m ; n £ a be a current with minimal singularities. Consider the Siu 
decomposition of T m \n , 

^min = R + ^2 CLj [Dj] 
j 

where aj = v(T m \ n ,Dj). Then {i?} = Z(a) and {J2j a jDj} = {A^(a)}. In 
particular, v(a,D) = u(T m i n ,H) for any prime divisor D. 

1.3. Volume of big classes. Fix a £ H^(X, R). We introduce 

Definition 1.7. Let T m i n be a current with minimal singularities in a and let 17 
a Zariski open set on which the potentials of T m \n are locally bounded, then 

vol(o) := [ T" lin > 0 (1.1) 

Jn 

is called the volume of a. 

Note that the Monge-Ampere measure of T m [ n is well defined in fl by [BT82| 
and that the volume is independent of the choice of T m ; n and 17 ( jBEGZlfll 
Theorem 1.16]). 

Let /: X -A Y be a birational modification between compact Kahler manifolds 
and let ay £ iL 1,1 (V, M) be a big class. The volume is preserved by pull-backs, 

vol(/*ay) = vol(ay) 

(see |Bou02] L On the other hand, it is not preserved by push-forwards. In general 
we have 

vol(/*ax) > voI(o.y) 

(see Remark 13.311 . 

1.4. Full mass currents. Fix X a n-dimensional compact Kahler manifold, 

a £ M) be a big class and 9 £ a a smooth representative. 

1.4.1. The non-pluripolar product. Let T be a closed positive (1, l)-current. We 
denote by ( T n ) the non-pluripolar product of T defined in [BEGZlOl Proposition 
1 . 6 ]. 

Let us stress that since the non-pluripolar product does not charge pluripolar 
sets, 

vol(a) = [ <TT n ) 

J x 


( 1 . 2 ) 
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whereas by jBEGZlOl Proposition 1.20] for any positive (1, l)-current T £ a we 
have 

vol(a) > [ (T n ). (1.3) 

J x 

Definition 1 . 8 . A closed positive (1,1 )-current T on X with cohomology class 
a is said to have full Monge-Ampere mass if 

[ (T n ) = vol(a). 

Jx 

We denote by £(X,a) the set of such currents. Let ip be a 9-psh function such 
that T = 6 + dd c ip. The non-pluripolar Monge-Ampere measure of (p is 

MA (ip) := <(0 + ddV) n > = (T n ). 

We will say that tp has full Monge-Ampere mass if 0 + dd c p has full Monge- 
Ampere mass. We denote by £(X,9) the set of corresponding functions. 

2. Proof of the Main Theorem 

Throughout this section X and Y will be compact Kahler manifolds of complex 
dimension n. 

Theorem 2 . 1 . Let a be a big class on X. Let a\ £ Pf 1,1 (A', R) be a modified nef 
class and a 2 € H 1 ' 1 (X, R) be a pseudoeffective class. Then a = ai + «2 is the 
divisorial Zariski decomposition of a if and only if v ol(a) = vol(ai). 

Remark 2.2. In particular, Theorem 12.11 implies that the pseudoeffective class 
«2 w iU be of the form 02 = Xj{Dj) where Dj are prime divisors and 

A j = i/(a, Dj) > 0. 

Proof of Theorem UQ] If a = a\ + 02 is the divisorial Zariski decomposition then 
by [Boufl41 Proposition 3.20] we have vol(a) = vol(ai). 

Viceversa, assume that we have a decomposition as above with vol(a) = vol(ai) = 
V. Let p be a smooth volume form on X with total mass V and let T\ £ £{X. ai) 
be the unique solution of the complex Monge-Ampere equation 

m = p. 

Such T\ exists and is unique by jBEGZlOl Theorem 3.1]. Furtheremore, T\ has 
minimal singularities in its cohomology class |BEGZ10i Theorem 4.1]. Let r be 
any positive closed (1, l)-current in ce 2 and set T = T\ + r. By multilinearity of 
the non-pluripolar product (BEGZ10, . Proposition 1.4], we have (T n ) > (Tf). By 
m and (11.311 we have 

[ (T n ) < vol(a) = vol(ai) = [ (Tf). 

Jx Jx 

Therefore (T n ) = (Tf) = p. 

Thus T is a solution of the Monge-Ampere equation (T n ) = p in the class a and 
by uniqueness, it follows that a 2 is rigid, i.e. there exists a unique positive closed 
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(1, l)-current in ol^- Moreover, T has minimal singularities, so vol(a) = f x (T n ). 
Then by the multilinearity of the non-pluripolar product 

n—1 / \ 

3 = 0 W/ 

Let S £ a\ be a Kahler current, i.e. S > eoj for some e > 0. Let be a non¬ 
empty Zariski open subset where S is smooth and let 17 = Amp (a) ^ 0. Since 
T has minimal singularities, then T £ a has locally bounded potential on ft. In 
particular, the current r has locally bounded potential in ft? = ft D fli = X \ E. 
Then we have 


[ I 

S n ~ l AT< I 

T” _1 A t = 0 

Jn 2 J ! 

^2 J ! 

^2 


where the last inequality follows from [BEGZlOl Proposition 1.20]. This implies 
that the current t is supported on E. 

By |Deml Corollary 2.14], t is of the form 

N 

T = ^2 

3 =1 

where Dj are irreducibile divisors and A j > 0. Moreover, observe that, since 
is modified nef and Tj has minimal singularities we have is(Ti,Dj) = 0 for 
any j by Proposition 11.41 hence A j = v{T,Dj). In other words, T = T\ + r is 
the Siu decomposition of T. Since a is big and T has minimal singularities, by 
Proposition 11.61 we have v{a,D) = u(T,D), hence the conclusion. □ 

We would like to observe that in the algebraic case, for a projective manifold X, 
Theorem 12.11 can be proved using the differentiability of the volume 111 Ml . 

We thank Sebastien Boucksom for the following remark: 

Remark 2.3. Let iV 1 (AC)ir C M) denote the real Neron-Severi space and 

a € A , ' 1 (A)r be a big class. Assume a = a i + Yli=i A* with 

(i) £ A rl (A")R a modified nef class such that vol(a) = vol(ai); 

(ii) A* > 0; 

(iii) Dj are prime divisors for any i. 

Then a = a\ + Y^iLi A*{ZA*} is the divisorial Zariski decomposition of a. 

We claim that it is enough to prove that for any prime divisor D (jL E n f,{a), 

vol(aq + tD) > vol(aq) Vt > 0. (2-1) 

Indeed, to prove that a = aq+X^i -A{-Dj} is the divisorial Zariski decomposition 
of a, we have to check that Di C E n k(a\) by Property 11.2( 5). If A* > 0 and 
Di (jL E n k(a\) then (12.11) yields 

vol(a) > vol(aq + tDi) > vol(ai) = vol(a), 

hence a contradiction. 

The inequality (|2.1I) easily follows from the differentiability of the volume. Indeed, 
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by (BFJl Theorem A] we have 

— Ivol(ai + tD) = n(a? _1 ) • D 
at l£_u 

where (ctq -1 ) denotes the positive product of a defined in [BEG ZIP , Definition 
1.17]. Thanks to {BFJi, Remark 4.2 and Theorem 4.9], we have (ct] 1-1 ) ■ D > 0, 
hence vol(ai + tD) is a continuous strictly increasing function for small t > 0, 
and so vol(ai + tD) > vol(au). 

3. Currents with full Monge-Ampere mass 

In this section we state a few consequences of Theorem 12.11 The first result 
states that currents with full Monge-Ampere mass in a compute the coefficients 
of the divisorial Zariski decomposition of a. 

Theorem 3.1. Let a be a big class on X. If T £ £(X,a) and T m \ n € a is a 
current with mininal singularities, then the set 

{x 6 X : v{T,x) > iy{T min ,x)} 

is contained in a countable union of analytic subsets of codimension > 2 contained 
in E nK (a). In particular, v(T,D) = v( T m \ n *D) for any irreducible divisor D C 

X. 

Proof. If T € £(X,a) then E + {T) C E n k(a) because of |DN1 Proposition 1.9]. 
On the other hand if we write the Siu decomposition of T as 

T = T 1 + J2x j [D J ] 

3> 1 

where Dj are prime divisors and codim E C (T\) > 2 for all c > 0, we have Dj C 
X\Amp (a). Hence there is a finite number of Dj such that A j 0. In particular, 
v(Ti,Dj) = 0 for any j. 

Set a\ := {Ti} and note that, since a is big, a\ is big. Moreover, a\ is modified 
nef. Indeed, pick T m \r, i € a\ a current with minimal singularities. Since 0 < 
p( Tmin i , Dj) < v{T\ , Dj) = 0, we have iR Tmin i, D) = 0 for any D prime divisor. 
The claim then follows from Propositions 11.41 and 11.61 

Furthermore, the current S = T m in,i + Thj=i ^j[Dj] is less singular than T, hence 
with full Monge-Ampere mass IBECZlOl Corollary 2.3]. Therefore 

vol(a) = [ (T n ) = [ (, S n ) = [ (TT n;1 ) = vol( ai ). 

Jx J X Jx 

We are now under the assumptions of Theorem 12.11 thus a = oq + X^>i 
is the divisorial Zariski decompostion of a and 

u(T,Dj) = A j = v(a,Dj) = n(T min ,Dj) 

where the last identity is Proposition 11.61 
Moreover, 

N 

B:={xeX : v(T, x) > v(T min , x)} C ]J E c (Ti) U [J T,j, 

ceQ+ i=i 
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where Ej := {x E Dj : i'(T,x) > Aj}. Indeed, if x E B is such that x E 
X \ (Jf = i Dj then v(T, x) = v(T \, x) > v( Tm j n i, x ) >0. If x E Dj for some j and 
x € B then v(T,x) > v(T m [ n , Dj) = A j, that is x E Ej. Finally, observe that by 
both E C (T\) and Ej are analytic subsets of codimension > 2 for any c > 0 
and j , respectively. □ 

In [DNj . the first named author proved that finite energy classes (and in par¬ 
ticular the energy class £ defined in section [2D are in general not preserved by 
bimeromorphic maps (see |DN1 Example 1.7 and Proposition 2.3]). In order to 
circumvent this problem she introduced a natural condition. 

Definition 3.2. Let f : X --■» Y be a bimeromorphic map and a be a big class 
on X. Let T a (X) denote the set of positive closed (1,1)-currents in a. We say 
that Condition (V) is satisfied if 

u(r a (xj) =r ha (Y) 

where Tf^aiX) the set of positive currents in the image class f*a. 

Remark 3.3. Note that in general we have f+(T a (X)^J C 7/* Q (E). This means 
in particular that the push-forward of a current with minimal singularities in ax 
has not necessarly minimal singularities in f*ax , hence vol(/*ax) > voI(cly)- 

The first named author showed [DNi Proposition 2.3] that Condition (V) implies 
that f*£(X, a) = £(Y,f±a). 


In the following we prove that Condition (V) is equivalent to the preservation 
of volumes. 


Lemma 3.4. Let f : X —>■ Y be a birational morphism and let a be a big class on 
X. Let Ei, Fi be distinct prime divisors contained in the exceptional locus Exc(f) 
of f, then there exist ai,bi E M + such that 


a = /*/*« 




Moreover, Condition (V) is equivalent to 

(i) a* < v(f*f±a,Ei) for any i; 

(ii) -hi < u(/*/*a,Fj) for any i. 


(3.1) 


The statements in Lemma 13.41 are quite standard but we include a proof for the 
reader’s convenience. 


Proof. The identity m follows from the fact that for any T E a positive 
(1, l)-current, T — f*f+T is supported on Exc(f) since / is a biholomorphism 
on X \ Exc(f). Therefore we conclude by [Demi Corollary 2.14]. 


Assume Condition (V) holds, that is, that any positive (1, l)-current S E /*a 
can be written as S = ffiT for some positive (1, l)-current T E a. Since the 
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cohomology classes of the excetional divisors of / are linearly independent, by 
(13.111 we have an equality of currents 

T + Y J am = thT + Y J bi[F i }. 

i i 

Thus, for any i we have v(f*f+T, Ei) — a, > 0 and u(f*f k T, Ff) + bi > 0. Hence 
(i) and (ii) since Condition (V) holds in particular for currents with minimal 
singularities in f+a. 

Conversely, let S € f+a be a positive (1, l)-current. By the Siu decomposition 
the current 

rs - e v(rs,Ei)[Ei\ - e v{rs,Fj[Fi\ 

i i 

is positive. For any i, set A* := v(f*S,Ei) — a,i and /q := u(f*S,Fi) + bi and 
observe > 0 by (i) and (ii). Then 

T := f*S - J2 ^)[^] - E F i)^] + E A *[^] + E ^ 

i i i i 

is a positive (1, l)-current in a and by construction we have /*T = S. 

□ 

Theorem 3.5. Let f : X —> Y be a bimeromorphic map and let a be a big class 
on X. Then Condition (V) holds if and only if v ol(a) = vol(/*a). 

Proof. Condition (V) insures that there exists a positive current T £ a such that 
/*T is a current with minimal singularities in /*a. Then 

vol(a) > [ ( T n )= [ ((/*T) n )=vol(/*a). 

J x JY 

By Remark 1,3.31 we get vol(a) = vol(/*«). 

Let us now prove the converse implication. 

First, observe that, applying a resolution of singularities, a bimeromorphic map 
/ : X —-> Y can be decomposed as / = h^ 1 o g , 

Z 

h 

X Y 

where h,g are two birational morphisms and Z denotes a resolution of singular¬ 
ities for the graph of /. By the proof of [BEGZlOi . Proposition 1.12], for every 

birational morphism h we have = Th* a (Z), hence it suffices to prove 

the claim when / is a birational morphism. 

Let Ei. F t and ai,bi as in (13.11) . By Lemma 13.41 Condition (V) is equivalent to: 

(i) ai < v(f*f^Ef) for any z; 

(h) ~bi < p(/*/*a,Fj) for any i . 
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Condition (ii) is satisfied since v{f* f+a, Fi) > 0. Thus we are left proving (i). 
Consider (3 := /*/*a + £V£>j{.Fj}. We notice that /*/3 = f+a. Moreover, 
by Lemma 13.41 /3 satisfies Condition (V). Indeed, for any i we have —bi < 
v(f*f*/3,Fi) = f*a, Fi). By the first implication of this theorem, we get 
vol (/?) = vol(/*/3) = vol(/*a). 

Let T m ; n G a and 5' m ; n G f+a be currents with minimal singularities. Then 
Tmi n + E: a i[^] an d /*‘S , min + ^i are both positive (1, l)-currents in [3 with 
full Monge-Ampere mass. Indeed, 




and vol(a) = vol(/*a) = vol(/3). 
By Theorem 13.11 



for any prime divisor Ej, since the prime divisors Fi and Ej are distinct. By 
Proposition 11.61 aj < p(/*5 m ; n , Ej) = v{f*f+a, Ej ), hence the conclusion. □ 

Theorem 3.6. Let a be a big class and D be an irreducible divisor such that 
D n Amp (q) / 0. Then 

vol (a + tD) > vol(a) Vf > 0. 

Viceversa, if D fl Amp (a) = 0 then 

vol (a + tD) = vol(a) Vt > 0. 

Proof. We first reduce to the case a modified nef and big class. Let a = 
Z{a) + {A^(a)} be the divisorial Zariski decomposition of a. By Lemma 13.71 
D n Amp (a) / 0 if and only if D n Amp (Z(a)) / 0. 

If the theorem is true for modified nef and big classes, we have 

vol(a + tD) > vol (Z(a) + tD) > vol(Z(a)) = vol(a). 

Thus we can assume that a is a modified uef and big class. Assume by con¬ 
tradiction that there exists to such that vol(a + t$D) = vol(a). It follows by 
Theorem 12.11 that, /? = a + t^D is the divisorial Zariski decomposition of (3 and so 
D C E n k{a) Property 11,21 5). Since E n h(a) = X \ Amp (a) [ Bou04; . Proposition 
3.17] we get a contradiction. 

Viceversa, if a. = Z(a) + {iV(a)} is the divisorial Zariski decomposition of a 
and D fl Amp (a) = 0 (or equivalently D C E n f c (Z(a)) by Lemma lT7l below and 
[Bou04l Theorem 3.17]) then by Propertv ll.2l 5f we have that, for any t > 0, the 
divisorial Zariski decomposition of a + tD is 


a + tD = Z(a) + (N(a) + tD) 
thus vol(a + tD) = vol (Z(a)) = vol(a). 


□ 
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Lemma 3.7. Let a G and let a = Z(a) + {-/V(a)} be its divisorial 

Zariski decomposition. Then we have 

Amp (a) = Amp (Z(a)) 

Proof. We first show the inclusion Amp (a) C Amp (Z(a)). Pick x G Amp (a). 
By definition there exists a Kahler current with analytic singularities T G a 
which is smooth in a neighbourhood of x. Moreover v(T m i n ,x) = 0 since 0 = 
is(T,x) > is(T m in,x). Let T = R + Ylj a j[Dj\ be the Siu decomposition of T, 
then x supp Dj for any j. The current T — N(a ) G Z(a) has clearly analytic 
singularities, is smooth around x and it is also Kahler since N(a) < a j[Pj] by 
Proposition 11.61 Hence x G Amp(Z(a)). Conversely, pick x G Amp(Z(a)), then 
there exists a Kahler current with analytic singularities T G Z{a) that is smooth 
in a neighbourhood of x (see Dehnition ll.il) . It follows from Property [L2j5) that 
x supp N{a). This implies that T + N(a) G a is a Kahler current with analytic 
singularites that is smooth in a neighbourhood of x. Hence x G Amp {a). □ 
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